Abstract-This paper presents a new hybrid finite-difference frequency domain -mode-matching method (FDFD-MM) for the analysis of electromagnetic wave scattering from configuration of metallic or dielectric cylindrical posts with arbitrary cross-section. In our approach each scatterer is treated as an effective circular cylinder represented by impedance matrix defined in its local coordinate system. In order to obtain the scattering parameters of arbitrary configuration of objects in global coordinate system an analytical iterative scattering procedure (ISP) is applied. This work is an extension of our previously published results, where our consideration were limited to two dimensional (2D) problems with TM excitation. In this paper, we extended our analysis to two-and-a-half dimensional (2.5D) problems. The accuracy of the proposed method is presented and discussed. To verify our approach some numerical examples are presented. The obtained results are compared with the results published in literature and the ones obtained from own measurements and commercial software.
INTRODUCTION
The rapid increase of interest in wireless communication systems requires developing of new microwave components. One group of these components are the structures where cylindrical posts of arbitrary shape are applied to obtain desired scattering parameters [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Generally, in the analysis of these components open and closed problems can be distinguished. In the open problems, the near or far scattered field pattern of a set of cylindrical objects located in free space and illuminated with plane wave or Gaussian beam is the subject of interest. These structures are applied to the reduction of strut radiation of reflector antennas [1, 2] , novel EBG structures realized as periodical arrays [3, 4] and polarizers [5, 6] . In the closed problems the result of the analysis are scattering parameters of waveguide junctions or resonant frequencies of resonators loaded with cylindrical objects. Rectangular waveguide junctions and circular cavities consisting of single or multiple cylindrical posts are applied to filters [7, 8] , resonators [9] , phase shifters [10] , polarizers [11] , multiplexers or power dividers [12] .
Since, in considered problems objects with arbitrary shape are assumed, the most powerful techniques of analysis are hybrid methods [13] [14] [15] [16] [17] [18] [19] [20] [21] . In these method the discrete techniques such as finite element method (FEM) [13] [14] [15] , finite-difference time domain method (FDTD) [16] [17] [18] or frequency domain (FDFD) [19] methods and method of moments (MoM) [18, 20, 21] are used in limited region surrounding the analyzed structure. In the outer region the fields are combined with analytical solution of the problem using e.g., integral equation technique [15, 17] for open structures or general scattering matrix (GSM) approach for closed problems [13, 20, 21] . As a result, the hybrid techniques allows one to achieve higher flexibility, increase the accuracy and reduce the numerical complexity of the analysis.
In this paper a novel hybrid method is proposed which combines the finite difference frequency domain method with analytical modematching technique (FDFD-MM). In comparison to alternative methods [13] [14] [15] [16] [17] [18] [19] [20] [21] the presented approach allows one to analyze scattering from arbitrary set of cylindrical objects which can be located both in free space or in waveguide junctions. At first, in our approach each single object is considered separately in its local coordinate system. The proposed hybrid technique is used to determine the impedance matrix which defines a relation between electric and magnetic tangential field components on artificial cylindrical surface surrounding analyzed object. Since, the impedance matrix of each scatterer is known, the analytical iterative scattering procedure can be applied to determine the scattering parameters of arbitrary configuration of objects [22, 23] . Presented analysis is an extension of our work presented in [24] where the analysis was limited to two dimensional problems with TM excitation. In this paper the method is extended to two-and-a-half dimensional (2.5D) problems. The accuracy of the method is verified and discussed. The presented numerical results are compared with analytical results published in (a) (b) Figure 1 . Single post analysis in local coordinate system, (a) 3D view of the structure, (b) cross-section of the structure.
literature and the results obtained from own measurements and commercial software QuickWave 3D [25] .
FORMULATION OF THE PROBLEM

Single Object
We start our analysis from a single object in its local coordinate system (see Fig. 1 ). In our approach we introduce lateral surface C:
which surrounds analyzed object and divides the computation domain into two regions, where analytical (Region II) and discrete FDFD (Region I) solution of Maxwell equations are used, respectively. In Region II the z components of electric and magnetic fields are expressed as follows:
where
and:
m (·) are Bessel and Hankel function of the second kind and mth order, respectively and A e,h knm are unknown expansion coefficients. The ϕ components of electric and magnetic fields can be found using the following relations:
In the inner region (see Fig. 1 ) the tangential components of electric and magnetic fields defined on lateral surface C can be expressed as follows:
where C Ez nm , C Now, by imposing the boundary continuity conditions on surface C between tangential components of electric and magnetic fields defined in Regions I and II the following set of equations is obtained:
where 
where all matrices are defined in Appendix A. Let us now introduce the impedance Z-matrix representation of the object:
which defines the relation between the expansion coefficients C and D of tangential electric (8), (10) and magnetic (9), (11) fields, respectively. In order to determine the Z-matrix representation of the object, the discrete FDFD technique is used (see 2.2). Since, the Z-matrix of the object is known, it can be utilized to determine a more convenient representation of the object in a form of T-matrix:
which defines the relation between incident A 1 and scattered A 2 field coefficients. It must be emphasized that T-matrix depends on the geometry and material properties of the object but not on the excitation. This approach allows us to limit our consideration to Region II where the scatterer is treated as an effective circular cylinder described by its T-matrix. For such an effective cylinder the scattered field can be found for any incident wave. Since the T-matrix is determined, a rotation of the object by any angle ϕ 0 can be obtained as follows:
Z-Matrix
In order to find the Z-matrix relation between tangential electric and magnetic field components on surface C for arbitrary geometry of structure, the FDFD technique is applied. In this case Region I is discretized in ρϕ plane with Yee-mesh, defined in a cylindrical coordinate system (see Fig. 2 ) with W = V × K cells where V and K are numbers of cells in ρ and ϕ direction, respectively. In the zdirection the analytical form of electric and magnetic field variation
The discrete field components in the wth cell (w = 1, . . . , W ).
defined by (4) and (5) is assumed. Now, Maxwell equations can be written in a discrete form [26] as follows:
T are the probes of tangential field components at surface C determined by (8) and (10) as follows:
) and E and H are the vectors of field component probes in the interior area of surface C. For brevity's sake, all the mentioned matrices in above equations are defined in Appendix B. Simple algebraic manipulations using (18) and (19) allow one to find the relation for H with respect to E b
Using the orthogonality of f e(h)
nm , and taking each term of (8) and (10) 
where matrices C E and D H are defined in Appendix B.
To improve the accuracy of FDFD solution the approximation methods of the object shape with arbitrary geometry in Yee mesh are used. In the case of metallic objects the conformal mesh method is used [27] . In this method the shape of mesh cells on the surface of the metal is modified to fit the geometry of the object and Maxwell equations (18) and (19) are updated accordingly. In the case of dielectric objects the effective dielectric constant algorithm [28] modified to cylindrical coordinate system [29] is applied. In this algorithm for the mesh cells containing boundaries between regions with two different values of dielectric constants (ε 1 = ε 2 ) the effective dielectric constants are computed and these values are next used to update the ε r matrix.
Multiple Object Scattering
In order to find the T-matrix of the arbitrary configuration of objects, the iterative scattering procedure (ISP) thoroughly described in [22, 23] can be applied. The ISP is based on the interaction of the individual posts and allows to find the total scattered field from all the obstacles on a boundary of fixed cylindrical region. During the iterative process the interactions between cylindrical objects are considered. In each iteration the scattered field from each object is treated as an incident field on the other cylinders. When the steady state is achieved the total scattered field is obtained which can be matched with the outer arbitrary excitation. The outer region can be assumed as an open space with an arbitrary incident wave (see Fig. 3(a) ). Since the homogenous along z-axis cylindrical objects are assumed in the analysism functions (4) and (5) take the following form f e,h nm (·) = e imϕ e ikzϕ , where k z = k 0 sin(θ 0 ) and θ 0 is the angle of plane wave incidence (see Fig. 4 ) and the n-related summation in (2) , (3) and (8)- (11) is no longer needed. For the closed problems the proposed method can be used to determine resonance frequencies of loaded with set of cylindrical posts circular cavity resonators (Fig. 3(b) ) or scattering parameters of circular resonators coupled with rectangular waveguides (Fig. 3(c) ) [22, 23] .
ACCURACY OF THE METHOD
In order to check the convergence of the presented approach two numerical examples depicted in Fig. 4 will be considered. The first analyzed structure, schematically presented in Fig. 4(a) Fig. 4(b) . The convergence of the proposed method is verified using the following error criterion
is a scattering characteristic of the electric field for the assumed value of W and F RA z is an asymptotic scattering characteristic of the z-component of electric field obtained from Richardson Approximation (RA) [30] . The obtained results collected in Table 1 show that the accuracy of the method is improved with the increase of both, the mesh density W and the number of cylindrical functions M . It can be seen that the choice of the number of cells W = 80 × 240 and the number of eigenfunctions M = 10 allows one to achieve the accuracy better than 0.1%. Table 1 . Absolute value of percentage error δ F of scattering pattern computation for structure from Fig. 4(a) The second example concerns a circular cavity resonator loaded with elliptical dielectric (ε r = 5) post (see Fig. 4(c) ). The convergence of the resonant frequencies of this resonator to the ones obtained from analytical model [31] is presented in Table 2 . As in the previous case, the improvement of method accuracy is obtained both with the increasing of mesh density W and number of cylindrical functions M . The convergence of resonant frequencies obtained from our model to the analytical ones is observed. For the mesh density W = 40 × 120 and M = 10 the accuracy is higher then 0.1%.
It should be emphasized, that in presented approach the accuracy of the method strongly depends on the analyzed geometry of an object and its material properties. Hence, the parameters of analysis for each investigated object need to be determined individually.
NUMERICAL RESULTS
Open Structures
In this section the four examples of open structures illuminated with obliquely incident plane wave are considered. For all the structures the far scattered field is calculated and compared with commercial software and literature. The first two analyzed structures are a striploaded circular dielectric cylinders presented in Figs. 5(a) and (b) and excited with TM and TE plane wave, respectively. In the far field calculation M = 10 and mesh density W = 60 × 180 were assumed. The obtained results of analysis for different angles of plane wave incidence are compared with the results presented in [32] . A good agreement of presented method with analytical approach is achieved. In next example, schematically presented in Fig. 6 a configuration of four dielectric cylinders excited with TM plane wave is considered. In the analysis M = 10 and mesh density W = 30 × 90 and P = 20 iterations in ISP was used to obtain a good accuracy. The results for two different angles of post rotation are compared with the ones obtained from commercial software QuickWave (where 59177 mesh cells was used in the analysis) and a good agreement is observed. Moreover, it can be noticed that the inhomogeneous cross-section of objects allows one to tune the scattered field characteristic. For the first configuration of posts the characteristic has one main lobe 6(a). The rotation of the posts causes the formulation of the second main lobe in ϕ = 90 • direction (see Fig. 6(b) ). 
Resonators
In this section, the presented approach is applied to the analysis of circular cavity resonators loaded with arbitrary configuration of dielectric or metallic cylindrical posts. As a result of analysis a resonant frequencies of structures are determined and compared with the results obtained from commercial software QuickWave and own measurements.
As a first example a circular cavity resonator containing a single dielectric post is considered (see Fig. 8 ). The calculated resonant frequencies of this structure for different post location and measured ones for centrally located square dielectric post are presented in Table 3 . In the analysis the number of modes M = 10 and mesh density W = 40 × 120 were assumed. It can be noticed that the relative error of measured frequencies with respect to our method is lower than 0.6%. Moreover, it can be noticed, that the shift of the post influences the resonant frequencies of the investigated resonator. When the distance d is decreased to 0 (centrally located post case), as one expects, the degenerate modes in the structure appears. The next investigated structure is a resonator with two symmetrically located triangular posts which is schematically presented in Fig. 9(a) .
The simulated and measured resonance frequencies of this structure are presented in Table 4 . In the analysis of this structure the number of modes M = 10, mesh density W = 60 × 180 and P = 20 iterations in ISP were used. It can be noticed, that the measured results are in a good agreement with the results of simulation. The accuracy is higher than 0.6%. Moreover, a good agreement between our method results and the ones obtained from commercial software QuickWave is observed.
The last investigated structure is circular cavity resonator loaded with two rectangular posts. In the analysis of this structure the following parameters were assumed: Number of modes M = 10, mesh Table 4 . TM/TE-modes resonance frequencies (in GHz) for structure from Additionally, for analyzed structure the influence of rotation of posts on resonance frequencies was investigated and the obtained results are presented in Fig. 10 . It can be noticed that the rotation of posts allows one to change resonant frequencies in wide range. Moreover, for some angles of posts rotation the resonance frequencies of resonators become equal. The aforementioned properties of arbitrary cross section posts can be used in realization of tunable resonators and waveguide filters.
For the analyzed structures presented in Fig. 9 , besides the TE/TM-modes the TEM-modes also appears as a solution of presented method. The resonance frequencies of these modes calculated from our method were the same as the ones obtained from analytical formula 
Waveguide Coupled Resonators
The investigated structure presented in Fig. 11(a) is consisted of circular cavity resonator loaded with two symmetrically located rectangular metalic posts and coupled with rectangular waveguides. The scattering parameters of this structure are presented in Fig. 11(b) . In the scattering parameters calculation the mesh density W = 40 × 120, number of cylindrical modes M = 10 and N = 2, number of iteration P = 20 was used in the cylindrical region. The obtained results are compared with commercial software QuickWave and a good agreement is achieved. It was observed that inserting the metallic post in the circular cavity resonator structure results in the shift of the resonant frequency of TM mode with m = 0 angular field variation close to the TM mode with m = 1 angular field variation. As a result, when circular cavity coupled resonator with rectangular waveguides is considered, a second order filter structure is obtained.
CONCLUSION
In this paper the new hybrid method based on a combination of modematching technique and finite difference frequency domain method is presented. In the analysis of multiple object structures the ISP procedure is used. The accuracy of method is presented. To verify the validity of our approach some numerical examples are considered.
The results are compared with the results published in literature and the ones obtained from commercial software and own measurements. A good agreement of presented approach with other techniques and measured data is achieved.
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APPENDIX A.
In Chapter 2.1, the following matrices takes the form:
where M 
where ∆ ρ = R/V , ∆ ϕ = 2π/K and the unit matrix of size (n) × (n) is denoted as: I (n×n) . The matrices of the derivatives take the following form: 
and the matrices of the metric coefficients take the following form: 
